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Abstract: We obtain Yang-Mills SU(2)×G gauged supergravity in three dimensions
from SU(2) group manifold reduction of (1,0) six dimensional supergravity coupled
to an anti-symmetric tensor multiplet and gauge vector multiplets in the adjoint of
G. The reduced theory is consistently truncated to N = 4 3D supergravity coupled
to 4(1 + dimG) bosonic and 4(1 + dimG) fermionic propagating degrees of freedom.
This is in contrast to the reduction in which there are also massive vector fields. The
scalar manifold is R × SO(3,dimG)
SO(3)×SO(dimG) , and there is a SU(2) × G gauge group. We
then construct N = 4 Chern-Simons (SO(3) ⋉R3) × (G ⋉ RdimG) three dimensional
gauged supergravity with scalar manifold SO(4, 1+dimG)
SO(4)×SO(1+dimG) and explicitly show that this
theory is on-shell equivalent to the Yang-Mills SO(3)×G gauged supergravity theory
obtained from the SU(2) reduction, after integrating out the scalars and gauge fields
corresponding to the translational symmetries R3 ×RdimG.
Keywords: Supersymmetric Effective Theories, Supergravity Models.
1. Introduction
Three dimensional Chern-Simons gauged supergravities have a very rich structure and
admit various types of gauging including non-semisimple and complex gauge groups
[1, 2, 3, 4]. It has been shown in [4, 5] that non-semisimple Chern-Simons gaugings
with gauge group G⋉RdimG are on-shell equivalent to semisimple Yang-Mills gaugings
with gauge group G, including Chern-Simons couplings. This result makes it possible
to obtain some of the Chern-Simons gauged supergravities with non-semisimple gauge
groups from dimensional reductions of higher dimensional theories. For example, in
[6, 7] the dimensional reduction of pure (1,0) six-dimensional supergravity on an SU(2)
group manifold [8] has been shown to give rise to a three dimensional gauged supergrav-
ity with SU(2) Yang-Mills gauge group plus SU(2) massive Chern-Simons vector fields
and scalars in GL(3,R)/SO(3), whose action has the structure essentially found in [5].
Also, the N = 8 theories studied in [9] and [10, 11], with SO(4) and SO(4)2 Yang-Mills
gaugings respectively, are expected to arise from six dimensional (2,0) theory on S3
and from IIB theory on S3 × S3 × S1, respectively. Notice that in these examples, on
the 3D supergravity side one can allow different gauge couplings for the two SU(2)’s
in SO(4), whereas from the S3 dimensional reduction there is a single gauge coupling
for the gauge fields arising from the isometries of S3.
In this paper, we will consider an N = 4, 3D gauged supergravity where the scalar
manifold is a single quaternionic space SO(4,1+dimG)
SO(4)×SO(1+dimG) and (SO(3)⋉R
3)×(G⋉RdimG)
Chern-Simons gauging, where G is an arbitrary semisimple group. We will show that
this theory can be obtained from an SU(2) reduction of a (1,0) six-dimensional super-
gravity coupled to a tensor multiplet and Yang-Mills multiplets of the gauge group G.
The six dimensional (1,0) gauged supergravity has been constructed in [12] and
extended to couple to nT anti-symmetric tensor multiplets, nV vector multiplets and
nH hypermultiplets in [13]. The theory has been completed with quartic fermion terms
in [14]. For earlier constructions of six dimensional (1,0) supergravity, we refer the
reader to [15, 16]. We only consider the truncation of this extended theory to the un-
gauged theory, with nT = 1 and nH = 0, coupled to G Yang-Mills gauge fields. After
reducing to three dimensions, we will show that the resulting theory is equivalent to
the Chern-Simons gauged theory by reversing the procedure of [5].
The paper is organized as follows. In section 2, we review (1,0) six dimensional
supergravity in order to set up our notations. In section 3, we will perform the SU(2)
group manifold reduction of (1,0) six dimensional supergravity coupled to an anti-
symmetric tensor and G Yang-Mills multiplets and obtain SU(2)×G Yang-Mills gauged
supergravity in three dimensions. The resulting theory contains 4(1 + dimG) bosons
and 4(1+dimG) fermions with the scalar manifold being R× SO(3, dimG)
SO(3)×SO(dimG) . While it
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is known that the most general SU(2) reduction, including massive vector fields, is con-
sistent, the novel feature of our work is that we make a further truncation by removing
the massive vector fields and show that it is consistent. In section 4, we construct an
N = 4 Chern-Simons (SO(3)⋉R3)× (G ×RdimG) gauged theory with a scalar man-
ifold SO(4, 1+dimG)
SO(4)×SO(1+dimG) and show that it is indeed equivalent to SO(3)× G Yang-Mills
gauged theory with scalar manifold R× SO(3, dimG)
SO(3)×SO(dimG) after removing 3+dimG scalars
corresponding to the translational symmetries. We finally give some conclusions and
comments in section 5.
2. N = (1, 0) six dimensional supergravity
In this section, we briefly review and set up our notations for (1,0) six dimensional
supergravity coupled to an antisymmetric tensor and G Yang-Mills multiplets. Pure
(1,0) supergravity does not have a covariant action because of the self-duality of the
three form field strength. Due to the anti-self duality of the 3-form field strength in the
tensor multiplet, the coupled theory does admit a Lagrangian formulation. Six dimen-
sional supergravity coupled to nT anti-self dual tensor multiplets, nV Yang-Mills vector
multiplets and nH hypermultiplets has been constructed in [13]. We are interested in
the case of nT = 1 which admits a supersymmetric action. The theory considered
here contains N = 1 supergravity multiplet, one antisymmetric tensor multiplet and
dimG Yang-Mills multiplets of an arbitrary gauge group G. We also assume that the
group G commutes with the SU(2) ∼ Sp(1) R-symmetry group. The field content in
this case is given by the graviton eMˆM , gravitino ψ
A
M , third rank anti-symmetric tensor
G3MNP , scalar θ, spin
1
2
fermion χ, G gauge fields AIM with I = 1, 2, . . . , dimG and
the G gauginos λI . The six dimensional spacetime indices are M,N = 0, . . . 5 with the
tangent space indices Mˆ, Nˆ = 0, . . . 5 while A,B = 1, 2 are Sp(1) R-symmetry indices.
The Lagrangian for this theory, with v˜z = 0, is given by [13]
e−1L = 1
4
R − 1
12
e2θG3MNPG3
MNP − 1
4
∂Mθ∂
Mθ − 1
2
ψ¯MΓ
MNPDNψP
−1
2
χ¯ΓMDMχ− 1
4
vzeθF IMNF
IMN − vzeθλ¯IΓMDMλI
+
1
2
vzeθχ¯ΓMNλIF IMN +
1
2
ψ¯MΓ
NΓMχ∂Nθ − 1
2
vzeθψ¯MΓ
NPΓMλIF INP
− 1
24
eθG3MNP
[
ψ¯LΓ[LΓ
MNPΓQ]ψ
Q − 2ψ¯LΓMNPΓLχ− χ¯ΓMNPχ
+2vzeθλ¯IΓMNPλI
]
(2.1)
where e =
√−g. We use the same metric signature as in [13], (− + + + ++). The
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supersymmetry transformations for various fields are [13]
δeMˆM = ǫ¯Γ
MˆψM ,
δψM = DMǫ+
1
24
eθΓNPQΓMG3NPQǫ−
1
16
ΓMχǫ¯χ− 3
16
ΓNχǫ¯ΓMNχ
+
1
32
ΓMNPχǫ¯Γ
NPχ− 1
16
vzeθ(18λI ǫ¯ΓMλ
I − 2ΓMNλI ǫ¯ΓNλI
+ΓNPλǫ¯Γ
NP
M λ),
δbMN = 2v
zAI[MδA
I
N ] − e−θ ǫ¯Γ[MψN ] +
1
2
e−θ ǫ¯ΓMNχ,
δθ = ǫ¯χ,
δχ =
1
2
ΓM∂Mθǫ− 1
12
eθΓMNPG3MNP ǫ+
1
2
vzeθΓMλI(ǫ¯ΓMλ
I),
δAIM = −ǫ¯ΓMλI ,
δλIA =
1
4
ΓMNF IMN ǫA − C−1z vzeθχ¯(AλB)ǫB. (2.2)
Notice that by our assumption on the gauge group G on the r.h.s. of δλIA, the term
CABǫB is missing. One can see, using the formalism developed in the next section, that
the presence of this term would imply a reduction of supersymmetry (if any) of the
three dimensional theory. The bosonic field equations are given by [13]
RMN − 1
2
gMNR − 1
3
e2θ
(
3G3MPQG3
PQ
N −
1
2
gMNG3PQRG3
PQR
)
−∂Mθ∂Mθ + 1
2
gMN∂P θ∂
P θ − eθ(2F IPM F INP − 12gMNF IPQF IPQ) = 0, (2.3)
e−1∂M (egMN∂Nθ)− 1
2
eθF IMNF
IMN − 1
3
e2θG3MNPG3
MNP = 0, (2.4)
DN(ee
θF IMN) + ee2θGMNPF INP = 0, (2.5)
DM(ee
2θG3
MNP ) = 0. (2.6)
We also choose vz = 1 from now on. The three form field strength is
G3 = db+ F
I ∧AI − 1
6
g2fIJKA
I ∧ AJ ∧AK (2.7)
where g2 and fIJK are coupling and structure constants of the gauge group G, respec-
tively. The equations of motion for various fermions can be found in [13]. We will not
repeat them here because they will not be needed in this work. In the next section, we
will give the reduction ansatz and perform the dimensional reduction of this theory on
the SU(2) group manifold.
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3. 3D SU(2)×G gauged supergravity from (1,0) six dimensional
supergravity on S3
In this section, we study Kaluza-Klein reduction of the (1,0) six dimensional supergrav-
ity coupled to an anti-symmetric and Yang-Mills vector multiplets with a gauge group
G on SU(2) group manifold. The result is the N = 4, SU(2)×G gauged supergravity
in three dimensions. The (1,0) six dimensional supergravity has been obtained from
various compactifications of string and M theory e.g. [17], [18]. These compactifica-
tions have been used to study many aspects of string dualities in six dimensions e.g.
[19], [20].
3.1 Reduction ansatz on SU(2) group manifold
We now give our reduction ansatz. We will put a hat on all the six dimensional fields
from now on. We use the following reduction ansatz:
dsˆ2 = e2fds2 + e2ghαβν
ανβ ,
AˆI = AI + AIαν
α, να = σα − g1Aα ,
Fˆ I = dAˆI +
1
2
g2fIJKAˆ
J ∧ AˆK
= F I − g1AIαF α +DAIα ∧ να +
1
2
(g2A
J
αA
K
β fIJK − ǫαβγAIγ)να ∧ νβ (3.1)
where the SU(2)×G covariant derivative is given by
DAIα = dAIα + g1ǫαβγAβAIγ + g2fIJKAJAKα . (3.2)
The three dimensional field strength F I = dAI + 1
2
g2fIJKA
J ∧ AK . From the metric,
we can read off the vielbein components
eˆa = efea, eˆi = egLiαν
α with hαβ = L
i
αL
i
β. (3.3)
The left-invariant SU(2) 1-forms σα satisfy
dσα = −1
2
ǫαβγσ
β ∧ σγ . (3.4)
The ǫαβγ and fIJK are the SU(2) and G structure constants, respectively. The metric
hαβ and a (3× 3) matrix Liα are unimodular. The spin connections are given by [6]
ωˆab = ωab + e
−f (∂bfηac − ∂afηbc)eˆc + 1
2
g1e
g−2fF iabeˆ
i,
ωˆai = −e−fPaij eˆj − e−f∂ageˆi + eg−2fF iabeˆb,
ωˆij = e
−fQaij eˆa +
1
2
e−g(T klǫijl + T jlǫikl − T ilǫjkl)eˆk (3.5)
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where
Paij =
1
2
[
(L−1)αi DaL
j
α + (L
−1)αjDaL
i
α
]
=
1
2
(L−1)αi (L
−1)βjDahαβ ,
Qaij =
1
2
[
(L−1)αi DaL
j
α − (L−1)αjDaLiα
]
,
F i = LiαF
α, T ij = LiαL
j
α, DL
i
α = dL
i
α − g1ǫαβγAγLiβ. (3.6)
We use the same conventions as in [6] namely
F α = dAα +
1
2
g1ǫαβγA
β ∧ Aγ ,
DF α = dF α + g1ǫαβγA
β ∧ Aγ = 0,
Dνα = dνα + g1ǫαβγA
β ∧ νγ = −g1F α − 1
2
ǫαβγν
β ∧ νγ. (3.7)
The indices (M, Mˆ) reduce to (µ, a) in three dimensions while the S3 part is described
by indices (α, i). The ansatz for Gˆ3 is
Gˆ3 = hε3 + aǫαβγν
α ∧ νβ ∧ νγ + ǫαβγCα ∧ νβ ∧ νγ +Hα ∧ να
+Fˆ I ∧ AˆI − 1
6
g2fIJKAˆ
I ∧ AˆJ ∧ AˆK . (3.8)
The first line in (3.8) is the dbˆ which must be closed. This requires that
Hα = 2DBα − 6ag1F α. (3.9)
We also choose the one form Cα =
1
2
AIαA
I to further simplify the ansatz and truncate
the vector field Cα out. Putting all together, we end up with the following Gˆ3 ansatz
Gˆ3 = h˜ε3 + F¯
α ∧ να + 1
2
Kαβ ∧ να ∧ νβ
+
1
6
a˜ǫαβγν
α ∧ νβ ∧ νγ (3.10)
where h˜ = hε3 + F˜
I ∧ AI − 1
6
g2A
I ∧ AJ ∧ AKfIJK . We have defined the following
quantities
F¯ α = AIα(F˜
I + F I)− 6ag1F α, F˜ I = F I − g1AIαF α,
Kαβ = A
I
βDAIα − AIαDAIβ,
a˜ = 6a− AIαAIα +
1
3
g2A
3, A3 ≡ AIαAJβAKγ fIJKǫαβγ , (3.11)
and a is a constant. The ansatz for the Yang-Mills fields can be rewritten as
Fˆ I = F˜ I +DAIα ∧ να +
1
2
F Iαβνα ∧ νβ (3.12)
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where F Iαβ = g2AJαAKβ fIJK − AIγǫαβγ .
The volume form in three dimensions is defined by
ε3 =
1
6
e3fǫabce
a ∧ eb ∧ ec ≡ e3fω3 . (3.13)
The six dimensional gamma matrices decompose as [6]
ΓAˆ = (Γa,Γi), Γa = γa ⊗ I2 ⊗ σ1,
Γi = I2 ⊗ γi ⊗ σ2, Γ7 = I2 ⊗ I2 ⊗ σ3
γabc = ǫabc, γijk = iǫijk, {γa, γb} = 2ηab, {γi, γj} = 2δij . (3.14)
The conventions are ηAB = (− + + + ++), ηab = (− + +) and ǫ012 = ǫ345 = 1. We
further choose
γ0 = iσ˜2, γ1 = σ˜1, γ2 = σ˜3, γi = τ i (3.15)
where σ˜i, τ i, i = 1, 2, 3 are the usual Pauli matrices. Also the chirality condition
Γ7ǫ
A = ǫA becomes I2 ⊗ I2 ⊗ σ3ǫA = ǫA.
Before proceeding further, let us count the number of degrees of freedom. Table 3.1
shows all three dimensional fields arising from the six dimensional ones. From table
6D fields 3D fields 3D number of degrees of freedom
gˆMN gµν non propagating
Aαµ 3
hαβ 5
g 1
bˆMN bµν non propagating
bµα 3
bαβ 3
θˆ θ 1
AˆIM A
I
µ dimG
AIα 3 dimG
ψˆM ψµ non propagating
ψi 12
λˆI λI 4 dimG
χˆ χ 4
Table 1: Three dimensional fields and the associated number of degrees of freedom.
3.1, there are 16+ 4dimG bosonic and 16+ 4dimG fermionic degrees of freedom in the
full reduced theory. In this counting, each six dimensional fermion gives rise to 4 three
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dimensional fermions. In the reduction of the six dimensional theory, the component
bˆµα will give rise to massive vector fields in three dimensions. Our goal is to truncate
this theory to obtain a three dimensional N = 4 gauged supergravity involving only
gravity, scalars and gauge fields without massive vector fields. The resulting theory will
have 4(1+dimG) bosonic and 4(1+dimG) fermionic propagating degrees of freedom.
To achieve this, we need to truncate 12 degrees of freedom out. From the Gˆ3 ansatz
expressed entirely in terms of gauge fields, scalars coming from the gauge fields in
six dimensions and constants, we see that all the fields coming from bˆMN have been
truncated out. This accounts for 6 degrees of freedom. We will see below that hαβ and
θ, comprising 6 degrees of freedom, will be truncated, too.
In the fermionic sector, we find that the truncation is given by
ψˆi − 1
2
Γiχˆ− 2eθ−gAIα(L−1)αi λˆI = 0. (3.16)
Indeed, this removes 12 fermionic degrees of freedom. We have checked that this
truncation is compatible with supersymmetry to leading order in fermions. We refer
the readers to appendix A for the detail of this computation. From appendix A, we
find that
δψˆi − 1
2
Γiδχˆ− 2eθ−gAIα(L−1)αi δλˆI = 0 (3.17)
provided that
hαβ = e
θ−2g(12aδαβ − 2AIαAIβ) ≡ eθ−2gNαβ. (3.18)
This is the truncation in the bosonic sector. From (3.18), it follows that
θ = 2g − 1
3
lnN (3.19)
where N ≡ det(Nαβ). Also, from (3.18), it can be easily checked that
δ[hαβ − eθ−2g(12aδαβ − 2AIαAIβ)] = 0 (3.20)
to leading order in fermions by using (3.16). The detail can be found in appendix A. So,
the relation (3.18) is compatible with supersymmetry. Equations (3.18) and (3.19) give
another truncation in the bosonic sector and remove 6 degrees of freedom. The bosonic
degree of freedoms are then given by 1 + 3 dim(G) scalars, g and AIα, and 3 + dim(G)
vectors, Aα and AI . So, the reduced theory contains 4(1 + dimG) propagating degrees
of freedom and involves only gravity, scalars and vector gauge fields.
We now check the consistency of the six dimensional field equations. It is convenient
to rewrite equations (2.4), (2.5) and (2.6) in differential forms. We find that these
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equations can be written as
Dˆ(e2θˆ∗ˆGˆ3) = 0, (3.21)
Dˆ(eθˆ∗ˆFˆ I)− 2e2θˆ∗ˆGˆ3 ∧ Fˆ I = 0, (3.22)
dˆ∗ˆdˆθˆ + eθˆ∗ˆFˆ I ∧ Fˆ I + 2e2θˆ∗ˆGˆ3 ∧ Gˆ3 = 0 . (3.23)
In order to obtain the canonical Einstein-Hilbert term in three dimensions, we choose
f = −3g from now on. Before giving equations of motion, we give here the Hodge dual
of Fˆ I and Gˆ3
∗ˆFˆ I = 1
3!
e6g ∗ F˜ Iǫαβγνα ∧ νβ ∧ νγ + 1
2
e−2ghαδǫβγδ ∗ DAIα ∧ νβ ∧ νγ
+
1
2
e−10gF Iαβhγδǫαβδω3 ∧ νγ , (3.24)
∗ˆGˆ3 = − 1
3!
e3gh˜ǫαβγν
α ∧ νβ ∧ νγ + 1
2
e4ghαδǫβγδ ∗ F¯ α ∧ νβ ∧ νγ
−1
2
e−4gǫαβγhγδ ∗Kαβ ∧ νδ + a˜e−12gω3 . (3.25)
The ∗ˆ and ∗ are Hodge dualities in six and three dimensions, respectively. After using
our ansatz in (3.21), (3.22) and (3.23), we find the following set of equations
D(e2θ+3gh˜) = 0 , (3.26)
D(eθ+6gNαβ ∗ F¯ β) + g1c1F α + 1
2
ǫαβγN
α′βNβ
′γ ∗Kα′β′ = 0 , (3.27)
D(NαγNβδ ∗Kαβ)− g1eθ+6g(Nαγ ∗ F¯ α ∧ F δ −Nαδ ∗ F¯ α ∧ F γ) = 0 , (3.28)
D(eθ+6g ∗ F˜ I) + 2c1F˜ I − 2eθ+6gNαα′ ∗ F¯ α′ ∧ DAIα
+Nαα
′
Nββ
′F Iαβ ∗Kα′β′ + g2NαδfIJKAJδ ∗ DAKα = 0 , (3.29)
D(Nαβ ∗ DAIβ) + g1eθ+6g ∗ F˜ I ∧ F α − 2eθ+6gNαβ ∗ F¯ β ∧ F˜ I
+2Nαα
′
Nββ
′ ∗Kα′β′ ∧ DAIβ +
1
2
e−θ−6gNα
′βNβ
′γF Iα′β′ǫαβγω3
−a˜e2θ−12gǫαβγF Iβγω3 + g2fIJKe−θ−6gAJβFKα′β′Nα
′βNαβ
′
ω3 = 0 , (3.30)
2d ∗ dg − 1
3
d lnN + eθ+6g ∗ F˜ I ∧ F˜ I +Nαα′ ∗ DAIα′ ∧ DAIα
+
1
2
eθ+6gNαα
′ ∗ F¯ α′ ∧ F¯ α + 1
2
Nαα
′
Nββ
′ ∗Kα′β′ ∧Kαβ + c21e−2θ−12gω3
+
1
2
e−θ−6gNαα
′
Nββ
′F IαβF Iα′β′ω3 + a˜2e−12gω3 = 0 , (3.31)
where we have used the summation convention on α, β, . . . regardless their upper or
lower positions, and Nαβ ≡ (N−1)αβ. We have also used the solution for equation
(3.26) namely
h˜e2θ+3g = c1 (3.32)
– 8 –
with a constant c1 in other equations. Equation (3.28) can be obtained by multiplying
(3.30) by AIβ′N
ββ′ and antisymmetrizing in α and β. By using the explicit forms of the
Ricci tensors given in [6], the scalar equation (3.30), after multiplied by e8g−θNββ
′
AIβ′
and symmetrized in α and β, is the same as component ij of the Einstein equation
with the trace part of Einstein equation taking care of equation (3.31). Component ab
the Einstein equation will give three dimensional Einstein equation which we will not
give the explicit form here. Equation (3.27) gives Yang-Mills equations for Aα. The
combination [(3.29) +2AIα(3.27)] gives Yang-Mills equations for A
I
D[eθ+6g[(δIJ + 4AIαAJβNαβ)F J − 24g1aAIαNαβF β]] + 2c1F I
+g2fIJKN
αβAJβ ∗ DAKα + g2fIJKNαα
′
Nββ
′
AJαA
K
β ∗Kα′β′ = 0 . (3.33)
We have checked that the equation for F α is the same as component ai of the Einstein
equation. So, there are two Yang-Mills equations for F α and F I , one equation for g
and one equation for AIα. All six dimensional field equations are satisfied by our ansatz.
3.2 Three dimensional gauged supergravity Lagrangian
All three dimensional equations of motion obtained in the previous subsection can be
obtained from the following Lagrangian, with eˆ = ee3f+3g = ee−6g,
L = 1
4
R ∗ 1− 1
2
N−
1
3 e8g
[
(δIJ + 4A
I
αA
J
βN
αβ) ∗ F I ∧ F J − 48ag1NαβAIβ ∗ F α ∧ F I
+6ag21(24aN
αβ − δαβ) ∗ F α ∧ F β
]− ∗d(2g − 1
12
lnN
) ∧ d(2g − 1
12
lnN
)
−1
2
Nαβ ∗ DAIα ∧ DAIβ −Nαα
′
Nββ
′
AIβA
J
β′ ∗ DAIα ∧ DAJα′ − V ∗ 1 + LCS (3.34)
which is the same as the dimensional reduction of the Lagrangian
LB = 1
4
Rˆ∗ˆ1− 1
4
∗ˆdˆθˆ ∧ dˆθˆ − 1
2
e2θˆ∗ˆGˆ3 ∧ Gˆ3 − 1
2
eθˆ∗ˆFˆ I ∧ Fˆ I (3.35)
together with the Chern-Simons terms. The scalar potential and the Chern-Simons
Lagrangian are given by
V =
1
4
[
N−
2
3 (NαβNαβ − 1
2
NααNββ) + 2N
− 2
3 e−8ga˜2
+N
1
3 e−8gNαα
′
Nββ
′F IαβF Iα′β′ − 2c21N
2
3 e−16g
]
, (3.36)
LCS = 2c1
(
F I ∧ AI − 1
6
g2fIJKA
I ∧ AJ ∧ AK)
−12ag21c1
(
F α ∧Aα − 1
6
g1ǫαβγA
α ∧ Aβ ∧ Aγ) . (3.37)
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In order to make formulae simpler and the symmetries of the scalar manifold more
transparent, we make the following rescalings. We first restore the coupling g1 in the
appropriate places by setting
a =
a¯
g21
. (3.38)
We can then remove the constant a by setting
c1 =
c¯1
6a¯
, eg =
eg¯
g
1
4
1
, AIα =
√
6a¯
g1
A¯Iα,
g2 =
g¯2√
6a¯
, Nαβ =
6a¯
g21
N¯αβ , e
θ =
g
3
2
1
6a¯
eθ¯
and AI =
√
6a¯A¯I . (3.39)
After removing all the bars, we obtain the Lagrangian
L = 1
4
R ∗ 1− 1
2
e2
√
2Φ[(δIJ + 4N
αβAIαA
J
β) ∗ F I ∧ F J − 8NαβAIβ ∗ F α ∧ F I
+(4Nαβ − δαβ) ∗ F α ∧ F β]− 1
2
∗ dΦ ∧ dΦ− 1
2
Nαβ ∗ DAIα ∧ DAIβ
−Nαα′Nββ′AIβAJβ′ ∗ DAIα ∧ DAJα′ − V + LCS (3.40)
where we have introduced the canonically normalized scalar for the gauge singlet com-
bination
Φ = 2
√
2g −
√
2
12
lnN . (3.41)
The scalar potential and Chern-Simons terms are now
V =
1
4
[
g21N
−1e−2
√
2Φ(NαβNαβ − 1
2
NααNββ) + 2N
−1e−2
√
2Φa˜2 − 2c21e−4
√
2Φ
+e−2
√
2ΦNαα
′
Nββ
′F IαβF Iα′β′
]
, (3.42)
LCS = 2c1
[
F I ∧ AI − 1
6
g2fIJKA
I ∧AJ ∧AK
−(F α ∧ Aα ∧ −1
6
g1ǫαβγA
α ∧ Aβ ∧ Aγ)] (3.43)
with
a˜ = g1(1− AIαAIα) +
1
3
g2A
3 ,
F Iαβ = g2AJAKfIJK − g1ǫαβγAIγ . (3.44)
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We first look at the scalar matrix appearing in the gauge kinetic terms
M =
(Mαβ MαJ
MIβ MIJ
)
= e2
√
2Φ
(
4Nαβ − δαβ −4NαβAJβ
−4NαβAIα δIJ + 4NαβAIαAJβ
)
. (3.45)
Introducing the matrix notation for AIα ≡ A which is an n×3, n = dimG, matrix and
denoting I3 = I3×3 etc, we find
Nαβ ≡ N = 2
(
I3 −AtA
)
, Nαβ ≡ N−1 = 1
2
(
I3 −AtA
) , (3.46)
M = e2
√
2Φ
(
I3+AtA
I3−AtA −2 1I3−AtAAt
−2 1
In−AAtA
In+AtA
In−AtA
)
. (3.47)
It follows that
M−1 = e−2
√
2Φ
(
I3+AtA
I3−AtA 2
1
I3−AtAA
t
2 1
In−AAtA
In+AtA
In−AtA
)
. (3.48)
The scalars form the coset space R × SO(3,n)
SO(3)×SO(n) with the factor R corresponding to
Φ. The scalar kinetic terms give rise to the metric on R× SO(3,n)
SO(3)×SO(n)
−1
2
∗ dΦ ∧ dΦ− 1
2
Nαβ ∗ DAIα ∧ DAIβ −Nαα
′
Nββ
′
AIβA
J
β′ ∗ DAIα ∧ DAJα′
= −1
2
∗ dΦ ∧ dΦ− 1
4
Tr
(
1
I3 −AtA ∗ DA
t ∧ 1
In −AAtDA
)
. (3.49)
With all these results, the Lagrangian can be simply written as
L = 1
4
R ∗ 1− 1
2
∗ dΦ ∧ dΦ− 1
4
Tr
(
1
I3 −AtA ∗ DA
t ∧ 1
In −AAtDA
)
−1
2
e2
√
2ΦMAB ∗ FA ∧ F B − V + LCS (3.50)
where A,B = (α, I).
We now come to supersymmetries of our truncated theory. We will show that this
truncation is indeed compatible with supersymmetry namely supersymmetry transfor-
mations of various components of bˆMN must be consistent with our specific choices of
Cα = 1
2
AIαA
I . This ensures that all the truncated fields will not be generated via su-
persymmetry. For the filed bˆµν , we have eliminated it by using the equation of motion
for Gˆ3 in (3.26). Because of its non propagating nature, we do not need to worry about
it. For δGˆ3µαβ and δGˆ3µνα, we have checked that they are consistent. The detail of this
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check can be found in appendix A. We have then verified that our truncated theory
is a supersymmetric theory. We will also give a confirmation to this claim in the next
section in which we will show that this theory is on-shell equivalent to a manifestly
supersymmetric (SO(3)⋉R3)× (G⋉Rn) Chern-Simons gauged supergravity.
The final issue we should add here is the diagonalization of the fermion kinetic
terms. Applying the result of [21], we find that our fermion kinetic Lagrangian can be
written as
e−1LFkinetic = −1
2
ψ¯µΓ
µνρDνψρ − 1
2
χ¯ΓµDµχ− 1
2
(δIJ + 4NαβAIαA
I
β)λ¯
IΓµDµλI (3.51)
where the three dimensional fields are given by
ψa = e
− 3g
2 (ψˆa + ΓaΓ
iψˆi)
ψi = e
− 3g
2
(
ψˆi − 1
2
Γiχˆ
)
= 2e−
3g
2
+θAIi λˆ
I , AIi = A
I
αe
−g(L−1)αi
χ = e−
3g
2
(
Γiψˆi +
1
2
χˆ
)
λI = e
θ
2
− 3g
2 λˆI . (3.52)
4. Chern-Simons and Yang-Mills gaugings in three dimensions
In this section, we show the on-shell equivalence between non-semisimple Chern-Simons
and semisimple Yang-Mills gaugings in three dimensions [5]. We will construct Chern-
Simons gauged supergravity with gauge groups (SO(3)⋉R3)× (G⋉Rn), n = dimG,
and show that the gauging is consistent according to the criterion given in [4]. We
then show that this theory is on-shell equivalent to the SU(2)×G gauged supergravity
obtained from SU(2) reduction in the previous section.
Before going to the discussion in details, we give some necessary equations, we
will use throughout this section, from [5]. After integrate out the scalars and gauge
fields corresponding to the translations or shift symmetries, the non-semisimple Chern-
Simons gauged theory with scalar manifoldG/H becomes semisimple Yang-Mills gauged
supergravity with smaller scalar manifold G′/H ′. The resulting Lagrangian is given by
[5]
e−1L˜ = 1
4
R + e−1h1L˜CS − 1
8
MmnF
mµνF nµν −
1
4
GABP˜Aµ P˜Bµ
+
1
4
e−1ǫµνρMmnV˜nAFmµνP˜Aρ − V (4.1)
where all the notations are the same as that in [5] apart from the metric signature,
(− + +). We also use our notation for the gauge couplings. We repeat here the
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quantities appearing in (4.1)
GAB = δAB − V˜mAMmnV˜nB, Mmn = (V˜mAV˜nA)−1,
L˜CS = 1
4
ǫµνρAmµ ηmn
(
∂νA
n
ρ +
1
3
g1f
n
klA
k
νA
l
ρ
)
+
1
4
ǫµνρAmµ ηmn
(
∂νA
n
ρ +
1
3
g2f
n
klA
k
νA
l
ρ
)
,
V˜MAtA = L˜−1tML˜,
Q˜µ + P˜µ = L˜−1(∂µ + g1η1mnAm1µtn1 + g2η2mnAm2µtn2 )L˜ . (4.2)
We are now in a position to construct a consistent Chern-Simons gauged super-
gravity with gauge groups (SO(3)⋉R3)× (G⋉Rn). We proceed as in [10] using the
formulation of [4].
The 4(1+n) scalar fields are described by a coset space SO(4,1+n)
SO(4)×SO(n+1) . We parametrize
the coset by
L =
(
A B
Bt C
)
(4.3)
where A is a symmetric 4× 4 matrix, B is a 4× (n+ 1) matrix, and C is a symmetric
(n+ 1)× (n+ 1) matrix. These matrices satisfy the relations
A2 −BBt = I4,
AB − BC = 0,
C2 −BtB = In+1 . (4.4)
The gauging is characterized by the embedding tensor
ΘMN = g1δa1b1 + g2δa2b2 + h1δb1b1 + h2δb2b2 . (4.5)
The ranges of the indices are a1, b1 = 1, 2, 3 and a2, b2 = 1, . . . , n. We denote the
(5 + n)× (5 + n) matrix in the block form
(
4× 4 4× (n + 1)
(n+ 1)× 4 (n+ 1)× (n + 1)
)
. (4.6)
With this form, the generators of SO(4, 1 + n) can be shown as
(
JSO(4) Y
Y t JSO(n+1)
)
(4.7)
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with Y being non-compact and given by eaIˆ + eIˆa. We further divide each block by
separating its last row and last column from the rest and use the following ranges of
indices:
α, β = 1, 2, 3, I, J = 1, . . . , n, Iˆ = 5, . . . , n+ 5, and a, b = 1, . . . , 4.
Various gauge groups are described by the following generators:
SO(3) : Jαa1 = ǫαβγeβγ ,
G : JIa2 = f
I
JKeJK ,
R3 : Jαb1 = eα,n+5 + en+5,α + e4α − eα4,
Rn : JIb2 = e4,I+4 + eI+4,4 + en+5,I+4 − eI+4,n+5
with (eab)cd = δacδbd, etc . (4.8)
Schematically, these gauge generators are embedded in the (5 + n)× (5 + n) matrix as


Ja1(3× 3) −b1 b1
(3× 1) (3× 1)
bt1(1× 3) bt2(1× n)
b2 Ja2 −b2
(n× 1) (n× n) (n× 1)
bt1(1× 3) bt2(1× n)


(4.9)
where each b1 and b2 correspond to various e’s factors in Jb1 and Jb2 in (4.8). Notice
that the shift generators have components in both SO(4) × SO(n + 1) and Y parts.
Furthermore, Jb1 and Jb2 transform as adjoint representations of the gauge groups
SO(3) and G, respectively.
From this information, we can construct T-tensors and check the consistency of the
gauging according to the criterion given in [4], P⊞T
IJ,KL = 0. The consistency requires
that
h2 = −h1 . (4.10)
The 4(1+n) scalars correspond to the non-compact generators Y . After using the shift
symmetries to remove some of the shifted scalars and gauge fields, we are left with
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1 + 3n scalars embedded in (5 + n)× (5 + n) matrix as
L˜ =


1√
I3−AtA
1√
I3−AtAA
t
cosh
√
2Φ sinh
√
2Φ
1√
In−AAtA
1√
In−AAt
sinh
√
2Φ cosh
√
2Φ


. (4.11)
Note that in (4.11), we have chosen a specific form of A, B and C. A is an n×3 matrix
to be identified with AIα in the previous section. The resulting coset space is readily
recognized as R× SO(3,n)
SO(3)×SO(n) in which Φ corresponds to the R ∼ SO(1, 1) part.
In this (SO(3)⋉R3)× (G⋉Rn) gauged theory, we find that
V˜nAP˜Aµ = 0 (4.12)
by using V’s given in appendix B and computing P˜A from (4.2). So, there is no coupling
term between scalars and gauge field strength in (4.1). Another consequence of this is
that the scalar metric GAB in (4.1) is effectively δAB.
From (B.1), we can compute the scalar manifold metric which is given by the
general expression
ds2 =
1
8
Tr(L˜−1dL˜|Y L˜−1dL˜|Y ) (4.13)
where |Y means that we take the coset component of the corresponding one-form. Using
the relation At 1√
In−AAt =
1√
I3−AtAA
t, we find, after a straightforward calculation,
L˜−1dL˜|Y =


0 1√
I3−AtAdA
t 1√
In−AAt
0
√
2dΦ
1√
In−AAtdA
1√
I3−AtA 0
√
2dΦ 0


(4.14)
where we have given only the coset components to simplify the equation. The scalar
metric is then given by
ds2 =
1
2
dΦdΦ+
1
4
Tr
(
1
I3 −AtAdA
t 1
In −AAtdA
)
. (4.15)
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This is exactly the same scalar metric appearing in the scalar kinetic terms in (3.49).
The scalar matrix appearing in the gauge field kinetic terms can be computed as follows.
From (4.1) and (4.2), we can write
Mmn = M¯
−1
mn where M¯mn = V˜mAV˜nA . (4.16)
In our case, the indices m,n = b1, b2, and m,n = a1, a2. With properly normalized
coset generators Y A, we find that
M¯ =
(
M¯a1a1 M¯a1a2
M¯a2a1 M¯a2a2
)
, M¯a
iˆ
a
jˆ
= V˜biˆAV˜
b
jˆ
A
where iˆ, jˆ = 1, 2 and V˜biˆA = Tr(L˜−1JbiˆL˜Y A). (4.17)
After some algebra, we find that the matrix Ma
iˆ
a
jˆ
is the same as MAB in (3.50). So,
the reduced scalar coset from the Chern-Simons gauged theory is the same as that in
the Yang-Mills gauged theory obtained form the SU(2) reduction.
Finally, we have to check the scalar potential. From the embedding tensor, we can
compute the potential by using [4]
V = AI¯ J¯1 A
I¯ J¯
1 − 2gijAI¯ J¯2i AI¯ J¯2j . (4.18)
We find that potential obtained here is exactly the same as in (3.42). We give the
details of this calculation in appendix B. We have now completely shown that the
Chern-Simons gauged theory constructed in this section is the same as the Yang-Mills
gauged theory obtained from the SU(2) reduction in the previous section.
5. Conclusions
We have obtained Yang-Mills SU(2)×G gauged supergravity in three dimensions from
SU(2) group manifold reduction of six dimensional (1,0) supergravity coupled to an
anti-symmetric tensor and G Yang-Mills multiplets. We have also given consistent
truncations in both bosonic and fermionic fields from which the resulting consistent
reduction ansatz followed. The truncation, which removes three dimensional massive
vector fields, results in an N = 4 supergravity theory describing 4(1 + dimG) bosonic
propagating degrees of freedom, 1 + 3dimG scalars and 3 + dimG gauge fields, to-
gether with 4(1 + dimG) fermions. The scalar fields are coordinates in the coset space
R× SO(3,dimG)
SO(3)×SO(dimG) .
Furthermore, we have explicitly constructed the N = 4 Chern-Simons (SO(3) ⋉
R3)× (G⋉RdimG) gauged supergravity in three dimensions, following the general pro-
cedure detailed in [4]. The scalar manifold SO(4, 1+dimG)
SO(4)×SO(1+dimG) becomesR× SO(3,dimG)SO(3)×SO(dimG)
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after removing the scalars corresponding to the translations or shift symmetries. We
have shown the agreement between the resulting Lagrangian and the Lagrangian ob-
tained from dimensional reduction i.e. the gauge field kinetic terms, the scalar manifold
metrics and scalar potentials.
We have not given the supersymmetry transformations of the three dimensional
fields here. These can, in principle, be obtained by direct computations or using the re-
sults in [21] with our truncations. Although supersymmetry transformations of fermions
are essential, for example for finding BPS solutions, it is more convenient to work with
the equivalent Chern-Simons gauged theory as the latter turns out to be simpler than
the equivalent Yang-Mills theory, see [5] for a discussion. In particular, the consistency
of the Chern-Simons gauging is encoded in a single algebraic condition on the embed-
ding tensor [1, 2, 3, 4].
In the case where G = SU(2), the SU(2)×SU(2) Yang-Mills gauged theory is the
same as (SU(2)⋉R3)2 Chern-Simons gauged theory with scalar manifold SO(4, 4)
SO(4)×SO(4) .
Such quaternionic space has been considered in [10], however the (SU(2)⋉R3)2 gaug-
ing appearing there is different from the one in this paper. The two gauged SU(2)’s
in [10] are the diagonal subgroups of the two SU(2)L and the two SU(2)R respectively
of the SO(4)× SO(4). The latter can be constructed using the parametrization of the
target space in terms of e and B matrices as in [10]. The action of shift symmetry
generators is to shift B. We can simply set B = 0 in this parametrization to obtain
the Yang-Mills coset. Although the identification of (AIα,Φ) and e is complicated, with
the help of Mathematica, it can be shown that the two theories are indeed equivalent.
It is interesting to study RG flow solutions in both Chern-Simons and Yang-Mills
gauged theories, which, by the present results, can be lifted up to six dimensions. We
will report the results of this analysis in a forthcoming paper [22]. A natural open
problem is how to obtain 3D N = 4 gauged supergravity with two quaternionic scalar
manifolds, for example to recover the theory studied in [10]. Presumably we would
need to add hypermultiplets to the six dimensional theory, whose scalars themselves
live on a quaternionic manifold, or perhaps, we may even need to start with extended
supersymmetry in six dimensions.
Acknowledgments
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A. Details of the calculations
In this appendix, we present some details of the calculations mentioned in section 3.
A.1 Supersymmetry of the fermionic truncation
In order to check the supersymmetry transformation of (3.16), we start by putting our
ansatz to the δψˆi, δχˆ and δλˆ
I given in (2.2). The result is
δψˆi =
1
8
g1e
g−2fF/i(1⊗ 1⊗ 1)ǫ− i
2
e−f (P/ij − ∂/ gδij)(1⊗ γj ⊗ σ3)ǫ
+
i
2
e−g
(
Tij − 1
2
Tδij
)
(1⊗ γj ⊗ 1)ǫ+ eθ[1
8
e−2f−g(L−1)αj F¯/
α
(1⊗ γj ⊗ σ2)
+
1
4
h˜(1⊗ 1⊗ σ1) + i
4
e−f−2g(L−1)βl (L
−1)γj ǫljkA
I
γD/AIβ(1⊗ γk ⊗ σ1)
+
i
4
a˜e−3g(1⊗ 1⊗ σ2)
]
(1⊗ γi ⊗ σ2)ǫ (A.1)
δχˆ =
1
2
∂/ θǫ− eθ[1
2
h˜(1⊗ 1⊗ σ1) + 1
4
e−2f−g(L−1)αi F¯/
α
(1⊗ γi ⊗ σ2)
+
i
2
e−f−2g(L−1)βi (L
−1)γj ǫijkA
I
γD/AIβ(1⊗ γk ⊗ σ1)
+
i
2
a˜e−3g(1⊗ 1⊗ σ2)]ǫ (A.2)
δλˆI =
1
4
[e−2f F˜/
I
(1⊗ 1⊗ 1) + 2ie−f−g(L−1)αi D/AIα(1⊗ γi ⊗ σ3)
+ie−2g(L−1)αi (L
−1)βj ǫijkF Iαβ(1⊗ γk ⊗ 1)]ǫ (A.3)
We have used the notations Fˆ/
I
= Fˆ IMNΓ
MN etc. From these equations and I2 ⊗ I2 ⊗
σ3ǫ
A = ǫA, we find, up to leading order in fermions, that
δψˆi − 1
2
Γiδχˆ− 2eθ−gAIα(L−1)αi δλˆI = 0 (A.4)
provided that
hαβ = e
θ−2g(12aδαβ − 2AIαAIβ) ≡ eθ−2gNαβ. (A.5)
In proving this result, the following relations are useful
LiαL
j
βTij = e
2θ−4gNαγNβγ
T = Tii = e
θ−2gNαα
LiαL
j
βPaij =
1
2
Da(e
θ−2gNαβ). (A.6)
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A.2 Supersymmetry of the bosonic truncation
To check (3.20), we start by noting that
gˆαβ = e
2ghαβ = e
θ(12aδαβ − 2AIαAIβ). (A.7)
It follows that, with gˆαβ =
1
2
(ΓαΓβ + ΓβΓα),
δgˆαβ = δθgˆαβ − 2eθ(AIαδAIβ + δAIαAIβ), or
ǫ¯(Γαψβ + Γβψα) = δθgˆαβ − 2eθ(AIαδAIβ + AIβδAIα)
= ǫ¯
1
2
(ΓαΓβ + ΓβΓα)χ+ 2e
θ ǫ¯(Γβλ
IAIα + Γαλ
IAIβ),
or ǫ¯Γα
(
ψβ − 1
2
Γβχ− 2eθAIβλI
)
+ (α↔ β) = 0 (A.8)
where we have temporarily dropped the hats on the fermions in order to simplify the
equations.
We then move to the supersymmetry transformations of bˆMN . It is more convenient
to work with the transformation of the filed strength Gˆ3. With equation (3.16), the
component δbˆαβ vanishes identically. The δGˆ3µαβ gives the condition
δbˆµα = δ(A
I
αA
I
µ − 6ag1Aαµ) . (A.9)
Using AIµ = Aˆ
I
µ + g1A
I
αA
α
µ and δbˆµα from (2.2), we find that
δbˆµα − δ(AIαAIµ − 6ag1Aαµ) = 2AIαǫ¯ΓµλˆI − e−θ ǫ¯Γµψˆα +
1
2
e−θ ǫ¯(Γµα + gˆµα)χˆ
= −e−θ ǫ¯Γµ
(
ψˆα − 1
2
Γαχˆ− 2eθAIαλˆI
)
= 0 (A.10)
where we have used
gˆµα = eˆ
i
µeˆ
i
α = −g1hαβe2gAβµ = −g1eθNαβAβµ . (A.11)
Note that
ψˆi − 1
2
Γiχˆ− 2eθ−gAIα(L−1)αi λˆI = e−g(L−1)αi
(
ψˆα − 1
2
Γαχˆ− 2eθAIαλˆI
)
. (A.12)
δGˆ3µνα is simply the derivative of the previous result namely
δGˆ3µνα = 2∂[µδbˆν]α = 2∂[µδ(A
I
ν]A
I
α − 6ag1Aαν]). (A.13)
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B. Essential formulae for N = 4, (SO(3)⋉R3)× (G⋉Rn) gauged
supergravity
In this appendix, we give some details of the calculation and needed quantities in the
N = 4, (SO(3) ⋉ R3) × (G ⋉ Rn) gauged supergravity constructed in section 4. We
recall here the useful expressions for coset space
L−1DµL =
1
2
QI¯ J¯µ X
I¯ J¯ +QαµX
α + eAµY
A ,
L−1tML =
1
2
VMI¯ J¯X I¯ J¯ + VMαXα + VMAY A. (B.1)
The tensors A1 and A2 can be obtained from the T-tensors by using, with N = 4,
AI¯ J¯1 = −
4
N − 2T
I¯M¯ ,J¯M¯ +
2
(N − 1)(N − 2)δ
I¯ J¯T M¯N¯ ,M¯N¯ ,
AI¯ J¯2j =
4
N(N − 2)f
M¯(I¯m
j T
J¯)M¯
m +
2
N(N − 1)(N − 2)δ
I¯ J¯f K¯L¯ mj T
K¯L¯
m +
2
N
T I¯ J¯j (B.2)
where I¯ , J¯ , . . . = 1, . . . 4 label the R-symmetry indices. The coordinate index on the
target space i will be denoted by a pair of indices specifying the entries of the L. In
order to simplify the equations, we introduce a symbolic notation R for the R-symmetry
generators including their indices. We start by giving all the VM¯
IJ¯
’s.
VRaα =
1
4
ǫαβγ(ARA)γβ , aα = ǫαβγeβγ,
VRaI = −
1
4
f IJK(B
tRB)JK , VRbα =
1
2
H(AR)α4, H = A44 − B4,n+1,
VRbI =
1
2
H(BtR)I4 . (B.3)
The VMi ’s are given by
VaαδL = ǫαβγBγL, VaIδM = −fIJKBδJCKM , Vbαδ,n+1 = HAδα,
Vbα4L = HBαL, VbI4L = HCIL, VbIδ,n+1 = HBδI . (B.4)
The T-tensors are defined by
TAB = ΘMNVMAVNB (B.5)
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which gives
TRR
′
=
1
16
[− 8g1Rα4R′α4detA + 8g2HB36 + 4h1H2Rγ4R′γ4],
TRδ,n+1 =
1
4
[− 2g1HdetARδ4 + 2g2HB3
6
Rδ4 + 2h1H2Rδ4
]
,
TR4L =
1
4
[− g1HǫαβγBαL(ARA)βγ + g2Hf IJKCIL(BtRB)JK],
TRδL =
1
4
[
2g1HǫαβγAδβBγL(AR)α4 − 2g2HfIJKBδJCKL(BtR)I4
]
(B.6)
where B3 = ǫαβγfIJKBαIBβJBγK . Before moving on, we note the useful relations
Rαβ = ǫαβγRγ4, (R
K¯(I¯RJ¯)K¯)a4 = 3δ
I¯ J¯δa4,
R
K¯(I¯
i4 R
J¯)K¯
j4 = −δiαδjαδI¯ J¯ , RK¯(I¯[i|l| RJ¯)K¯j]4 = δαlǫαijδI¯ J¯ ,
R
K¯(I¯
α4 R
J¯)K¯
β4 = −δαβδI¯ J¯ . (B.7)
The following combination is useful in computing AI¯ J¯2i
f
K¯(I¯ j
4,n+1T
J¯)K¯
j =
3
2
δI¯ J¯
(
− g1HdetA + 1
6
g2HB3 + h1H2
)
,
f
K¯(I¯ j
δL T
J¯)K¯
j = −
3
4
δI¯ J¯H(g1ǫαβγǫδβ′γ′Aββ′Aγγ′BαL
−g2fIJKBβJBγKǫδβγCIL). (B.8)
We then find A1 and A2 tensors
AI¯ J¯1 = −2TδI¯ J¯ ,
AI¯ J¯2i =
1
2
T I¯J¯i +
1
6
Xiδ
I¯ J¯ (B.9)
where we have defined the following quantities
T = 2
(
− g1HdetA+ 1
6
g2HB3 + 1
2
h1H2
)
,
X4,n+1 =
3
2
(
− g1HdetA+ 1
6
g2HB3 + h1H2
)
,
XδL = −3
4
H(g1ǫαβγǫδβ′γ′Aββ′Aγγ′BαL
−g2fIJKBβJBγKǫδβγCIL). (B.10)
Using (4.18), we can compute the potential
V = 16T 2 − 2
(1
4
T I¯J¯i T
I¯ J¯
i +
1
9
XiXi
)
. (B.11)
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After some manipulations, we can show that the resulting potential is the same as
(3.43) with the following identifications
H → N 16 e−4g = e−
√
2Φ, A→
(
1√
I3−AtA 0
0 cosh
√
2Φ
)
,
B →
(
1√
I3−AtAA
t 0
0 sinh
√
2Φ
)
, C →
(
1√
In−AAt 0
0 cosh
√
2Φ
)
. (B.12)
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